In this work behavior of an arbitrarily fiber-reinforced viscoelastic and magneto-sensitive material is investigated systematically in the frame of modern continuum mechanics when they are subjected to external loadings. The matrix material is supposed to be made of viscoelastic material with magnetic sensitivity involving an artificial anisotropy due to fiber reinforcing by arbitrary distribution. Magneto-viscoelastic response of the material will show up as a stress consisting of a reversible and irreversible parts along with a magnetization field. Magnetic field and elastic stress field is derived from a thermodynamic potential, with the dissipative stress arising as a result of viscous properties of the material. Response functions in regard to objectivity axiom III depend in general to Green deformation and rate tensors, magnetic field, fiber distribution and temperature distribution. Constitutive equations for the stress and magnetization with the use of relevant balance equations yields field equations for the formulation and solution of boundary value problems for the bodies made of those materials under considerations.
INTRODUCTION
The advent of smart materials and structures has provided a great opportunity for making strong contributions in progressing performance, reliability, control, and agility of macro, meso-and micro-size systems. Some typical examples of smart materials include piezoelectrics, electrostrictives, magneto-elastics, magnetostrictives, shape memory alloys, biomimetic, conductive polymers, electrochromic coatings, electro-rheological and magneto-rheological fluids. Wonderful improvements have been made in the fields of adaptive materials, reinforced composites, intelligent sensor and actuator systems, and in formulating techniques for constitutive behaviors, simulation, and health monitoring and control of multi-complex structures. Fiber-reinforced viscoelastic piezoelectric and piezomagnetic materials are two important elements (sub-classes) of smart structures which have the ability to respond to external conditions, and perform in an intelligent manner required functions such as sensing, actuation and processing .
In this study, we develop a constitutive model for magneto-thermomechanical behavior of an anisotropic viscoelastic fiber reinforced material. The growing interest in the nonlinear magnetoelastic interactions in active controllable smart electro/magneto materials, induced mainly by research in the areas of mechatronic systems, robotics, Vol. 16, No. 1, 2009 
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Part-l: Anisotropie Matrix Material vibration controls and biomedical applications, is reflected in the amount of recent literature on the subject /6-10/.
In some recent papers, alternative formulations of the governing equilibrium equations for nonlinear magnetoelastic deformations of magneto-sensitive solids have been discussed and have been applied to the theory for the solution of several important boundary-value problems /11-13/.
We also developed mathematical models in our previous studies /14-17/. Mathematical models developed in our previous studies /14-17/ can be useful to determine electro-mechanical behavior of biologic materials and artificial elastomeric composite materials. However, the mathematical model developed in this work can be useful to determine magneto-thermomechanical behavior of smart materials and magneto-viscoelastic composite materials.
MAGNETOSTATIC BALANCE EQUATIONS
In the interaction of the medium under consideration, which occupies a volume V(t) at a moment t, with its environment, if integral (global) balance equations of the quasi-static magnetic field are localized ( which is subjected to non-mechanical forces only), using "generalized" Gauss and Stokes theorems, the following differential expressions are obtained /1 ,187:
where V is nabla (del) operator; B magnetic induction; H magnetic field vector; μ 0 magnetic susceptibility of vacuum; Μ magnetization vector; φ magnetic potential function which can be determined by magnetization (magnetic polarization) constitutive equation.
MAGNETO-MECHANIC BALANCE EQUATIONS
Local conservation of mass (4, 5) , momentum (6), moment of momentum (7), energy (9) and Clausius-Duhem inequality (10) (second law of thermodynamics) can be summarized as follows, respectively:
= 'lk,l+pfk +F k M
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In the above balance equations, magneto-statically generated force, couple, and energy density per unit mass are given as
where ® denotes tensor product and star sign above the symbol denotes convective derivative defined as III,
BsB-(B.V)v + B(V.v) ,

Bs-B + (v.V)B. (15) dt
The physical meanings of various symbols in Eqs.4-14 are: V velocity vector , p 0 mass density before deformation, ρ mass density after deformation, J=detF jacobian of deformation, F deformation gradient, V acceleration vector, t lk stress tensor, f k mechanical body force per unit mass (such as weight and inertial forces), F k { magneostatic body force per unit volume, C^ intrinsic body couple per unit volume, ε internal energy per unit mass, q k heat flux vector (with -q being the quantity of heat entering the system in unit time through unit surface area , h energy source per unit mass, hf magnetostatic energy source, a> k angular velocity of magnetization vector, η entropy per unit mass, θ(Χ,ί) the absolute temperature distribution and e ljk permutation tensor.
Substituting divergence of Eq. (8) into Eq. (6), linear momentum equation can be expressed in terms of a symmetric stress tensor as follows:
On the other hand, substituting Eqs. (14) and (15) into Eq. (13) we obtain the magnetic energy source term
with meanings attached as 
THERMODYNAMIC CONSTRAINTS AND CONSTITUTIVE FORMULATION
Taking p h from the local energy equation (20) and substituting it in the entropy inequality (10), the following unified expression of Clausius-Duhem inequality is obtained
Because material derivative of entropy in this expression cannot be controlled within a thermodynamic process, we transfer the state variable from entropy to temperature by the routine Legendre transformation ψ=£-θη
As a result, entropy inequality turns out to be
This inequality can be written in material form by using the known processes /!/ the following is obtained
has been used when passing from Eq. (23) to Eq. (24),with the terms introduced being given as (here, Σ : stress potential):
Inequality (24) is a general expression of entropy production for thermo-viscoelastic media that are under the effect of a quasi-magnetostatic field and bear viscoelastic-properties. To make possible the formation of this inequality it should be made clear on which independent variables Σ will depend and how it will depend. Accordingly, selecting the arguments of Σ formally means selecting certain materials. Σ and variables it depends on have been fixed using constitutive axioms. Accordingly, (X,0, Assuming that the material is homogeneous, X has been removed from the arguments of Σ . Considering that material derivatives of fiber vector A(X) are zero and taking a material derivative of the expression (32), the following is obtained
Substituting the expression (33) into the inequality (24) and taking common terms into brackets, we obtain the following inequality as a general constraint for dependent constitutive variables: (34) For inequality (34) to be true for any arbitrary independent thermodynamic process, coefficients of the terms 
(dissipative stress), the following is obtained
(38)
Expression (39) shows us that there is no heat transfer is the medium. Using expressions (35)-(39) we reduce the inequality (34) to the following form:
and for the dissipative stress we must write a separate constitutive equation. As seen from the above, the expression (40) puts a constraint on the dissipative stress. If arguments determining the dissipative stress are clearly stated, they will be in the following form:
Considering the fact that tensor D T Kl in the inequality (40) is a continuous function in terms of C KL , when
so b e equal to zero. Accordingly, maintaining the arrangement of independent constitutive variables in the expression (41) the following expression should be written
and this puts a second constraint on the dissipative stress. Because a viscoelastic material is being considered in this study, the symmetric stress tensor T KL occurring in the material is comprised of two different stress tensors. Both of them are symmetric; these tensors are called elastic stress and dissipative stress. Accordingly, stress tensor T KL can be expressed as follows.
TKL = E^KL + I^KL (43)
D T KL in the expression (43) was defined with the expression (41). According to (35) and (43), the elastic stress tensor E T KL can be written as follows.
This expression is a constitutive equation for the elastic stress and arguments determining Σ in the elastic stress have been previously stated with the equation (36). The symmetric stress tensor presented in the expression (43) and being one of the constitutive equations, can be expressed as follows in terms of spatial coordinates:
As a result of the angular momentum balance and the electrostatic couple our stress tensor was found to be of asymmetric character (8) . Routine operations can show us that the expression of asymmetric stress on material coordinates is
On the other hand, internal energy density ε can be written as follows from the expressions (23), (25) and (38)
In this case, open forms of Σ and C^KL would yield internal energy per unit mass, clear arguments should be found.
However, constraints imposed by the material symmetry axiom on the constitutive functions of the material under consideration should be considered. According to the material symmetry axiom, the constitutive functions under symmetry transformation of the material should remain form-invariant. Mathematically this means that the following restrictions should hold:
Here, S_ represents any arbitrary symmetry operation for the medium under consideration.
On the other hand, both inextensibility of fibers and incompressibility of the medium are broadly accepted in engineering practice. Once the medium is assumed to be incompressible with the fibers inextensible, the following 
In this case, constitutive equations for elastic stress are obtained as follows in material and spatial coordinates.
In these expressions, p and T a are Lagrange multipliers and are to be determined by field equations and boundary conditions; they cannot be obtained by any constitutive law 111 I. In that case, according to the expressions (27) and (29), assigning J=l, magnetization field, elastic and dissipative stress tensors can be written as follows:
Matrix material in this study has been assumed to be a general anisotropic medium. In the framework of this approximation stress potential Σ and the dissipative stress function have been expanded into power series in terms of components of the arguments they depend on, yielding the viscoelastic behavior and magnetization response of the medium.
Kind and number of terms considered in the series expansion have determined the non-linearity grade of the medium. It has been assumed in this study that mechanic interactions are linear while magnetic interactions are nonlinear. On the other hand, because the matrix material should stay indifferent to change of direction along any fiber, fiber distribution should contribute through outer products in even numbers. This situation will be taken into consideration in operations pertaining to the sections below.
DETERMINATION OF ELASTIC STRESS AND MAGNETIZATION CONSTITUTIVE EQUATIONS
Due to the existence of the relationship C KL =6 K i+2E^i between the Green deformation tensor and the Lagrangian strain tensor, arguments of the stress potential given in the equation (36) can be recorded in the following form: 
Due to the symmetry of the tensor E K1 and independence of derivatives in the definitions in expressions (59) from the sequence, these coefficients bear the symmetry characteristics given below:
While constitutive equation of elastic stress for incompressible mediums with two inextensible fiber families can be obtained from (52), magnetization field can be obtained from (37), which leads to the following:
If derivatives in (59) and (61) are taken from (57) and used in (61) and (62) 
Thus, in a viscoelastic anisotropic medium with one fiber family where the medium is incompressible and fiber family is inextensible, in a situation where mechanical interactions are assumed to be linear and magneto-mechanical interactions non-linear, constitutive equations for elastic stress and magnetization on material coordinates in terms of their components can be expressed through expressions (63) and (64).
The first and second terms on the right part of the constitutive equation for elastic stress (63) are caused by the incompressibility on the medium and inextensibility of the fibers, respectively. While p denotes hydrostatic pressure and T a -fiber stretch, both p and T a are determined through field equations and boundary conditions. These two terms are reaction stresses and cannot be expressed by any constitutive equation. The third term is the classical term of Hooke's law and contributes to the stress through the strain tensor. The fourth term shows the stress arising out of piezomagnetic effect, the fifth and sixth terms show contributions of fiber fields to the stress and the last term shows the stress formed by the non-linear effect of the electric field. Besides, the last term in (63) is quadratic in the magnetic field and is an effect that shows up in cases when the magnetic field is strong. This effect is not present in the linear theory.
Considering expression (64), which yields the constitutive equation of the magnetization field, linear effects of the magnetic induction field and the strain tensor, non-linear effects of the magnetic induction field, mutual interaction between the strain tensor and the magnetic induction field and fiber distributions contribute to the formation of magnetization field in the medium under consideration. The first term here shows the well-known magnetic sensitivity while the second term shows the piezomagnetic effect (the term piezomagnetic has been used throughout this study for the concept of all interactions between the deformation field and the magnetic induction field). The third term indicates non-linear magnetic contribution to magnetization. The fourth term, in the generalized meaning, again indicates the contribution of piezomagnetic characteristics. Regarding the fifth term, if the medium is not loaded in any way (B K = 0, E KL = 0), it will not switch to magnetic polarization and therefore physically it should be ξs^^R-^ a "d ctpKSN = 0> because being loaded with fibers is not sufficient for a medium to automatically get magnetized.
Therefore, the fifth terms can be ignored in Eqs. (63) and (64). In this study, terms of equations (63) and (64) have been obtained under the assumptions as mentioned earlier, and are reduced to generally known classical expressions in special cases. This supports the opinion proving the reliability of the model we have introduced.
DETERMINATION OF DISSIPATIVE STRESS
If tensors C KL and C KL given in equations (41) Since E KL = 0 => βΤκΐ =0 in the constraint (66), the following coefficients in equation (67) must be equal to zero.
iven these constraints, constitutive equations yielding the dissipative stress is converted into the following form:
As is observed in Eq. (69), terms contributing to the dissipative stress are caused by strain rate tensor, common interaction between the strain rate tensor and the magnetic induction field vector, interaction between the strain rate tensor and the fiber field, and finally common interaction between second-degree terms of the magnetic induction field and strain rate tensor.
Due to the symmetry of tensors οΤκι and E KL and independence of the derivatives in the expansion terms from the order, these coefficients bear symmetry characteristics as below. This equation is a non-linear expression of stress obtained for the material in consideration under the assumptions. If magnetical interactions are also assumed to be linear, second degree terms of the magnetic field in the expression will be canceled. However, because fifth and sixth grade material tensors will appear in an expression thus reduced, it will be difficult to solve problems using the constitutive equations thus obtained. Therefore, linear constitutive equations are to be obtained as follows.
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QUASI -LINEAR THEORY
Assuming that deformation gradients, x k K , (displacement gradients, (U K^L ) and rates of strain, (E KL )~) are very small, magnetization field, elastic stress and dissipative stress given in equations (63), (64) and (69) can be easily linearized.
In obtaining a linear theory we note that the strain tensor and the rates of deformation tensor satisfy the following constraint:
|£|«1 and |||«1
In this case, constitutive equations of elastic stress, magnetization field and dissipative stress will be reduced to the following forms:
=r PRMN 
The number of components of 4 th order material tensors in equations (74)- (75) 
ΓΡΚΜΝ =FMNPR (78)
Because derivatives of material module A PR Q N defined in the expression (59) in this definition are not dependent on the order, it can also be assumed that they bear the symmetry characteristics below:
•PRQN = AQNPR (79)
According to symmetry conditions (78) and (79), the number of components pertaining to material modules and ^-PRQN is thus reduced to 21.
EXPRESSIONS OF QUASI-LINEAR CONSTITUTIVE EQUATIONS ON SPATIAL COORDINATES:
We have previously mentioned that values of x* *,£/*, L andjci are very small in the linear theory (in the meaning of "matrix norm")· In this case, using the relationships of continua known in the linear theory and substituting equations (74) 
Coefficients in equations (84)- (86) depend on a fixed temperature Θ. These equations are quasi-linear constitutive equations of elastic stress, magnetization field and dissipative stress on spatial coordinates in a viscoelastic piezomagnetic anisotropic medium with one fiber family where the medium is assumed to be incompressible and the fiber family -inextensible. The last term in the expression (84) shows us that magnetic interactions are non-linear. If magnetic interactions are assumed to be linear, this last term in this equation will be canceled. Besides, if the medium is without fiber reinforcement this expression yields a known stress expression in incompressible piezomagnetic media. The third term in the expression (85) can be neglected if the magnetic interaction is linear due to the small value of the displacement gradient. The expression (86) yields the linear constitutive equation of the dissipative stress on spatial coordinates.
If quasi-linear constitutive equations of elastic and dissipative stresses given in the expressions (74) and (76) 
Substituting equations (89) and (85) into the expression (8), quasi-linear spatial constitutive equations of asymmetric stress are obtained as follows. In operations conducted up to now, symmetric stress, asymmetric stress and magnetization vector on spatial coordinates have been expressed in terms of displacement vector gradients, magnetic field and fiber distribution in equations (89), (90) and (85). These spatial constitutive equations obtained will be substituted into balance equations given in part 2, yielding the field equations.
If equation (85) is substituted into the equation (3)i and the expression (2) is used, the total magnetic flux density and displacement field can be found as follows:
If divergence of the expression (91) is taken and substituted into the equation (1) the following expression is obtained. 
In (92) we put K klqr = 2 Λ ί/9 , in (92). If expression (2) is substituted into constitutive equations of the symmetric stress and magnetization field given in equations (89) and (85), and its divergence is taken and it is then substituted into the equation (16) 
CONCLUSIONS
Non-linear constitutive equations of the elastic stress, magnetization field'and dissipative stress have been expressed by (63), (64) and (69) respectively.
Despite all simplifying assumptions made, because application of the constitutive equations obtained in their most general form is very difficult in solving practical problems, a linear theory has been established. By assuming deformation, displacement gradients and strain rates to be very small in the linear theory, constitutive equations of the elastic stress, magnetization field and dissipative stress have been linearized to some extent and quasi-linear constitutive equations have been given in expressions (74)-(76) on material coordinates, and in expressions (84)-(86) on spatial coordinates. By using equations (74)- (76) and (84)- (86) quasi-linear constitutive equations of symmetric and asymmetric stresses were given by equation (87) and (88) (16), yielding field equations (93) and (94). Solution of the field equations along with initial and boundary conditions in conformity with the structure of the problem to be used in practice.
On the other hand, because these field equations are generally anisotropic in terms of symmetry, they are in the format that would allow their application on a material bearing any kind of symmetry. In a special case, after removal of the non-linear effect caused by the presence of fibers and interaction of the magnetic field with the deformation gradient, the equation (93) is reduced to the first two terms on the left of the equation presented by Eringen and Maugin (1990) (Eringen and Maugin (1990) , p. 243) III. In the same way, comparing the equation (94) with the linear momentum balance on the same page, it can be seen that expressions on the right of (94) following the first three terms are comprised of fiber reinforcement, incompressibility and inextensibility, non-linear magnetostatic interactions and viscoelastic contributions.
Unknowns of the field equations (93) and (94) are φ(\,ΐ) and u(x,/), i.e. four unknowns. After φ and u are determined,_we return and find the magnetic field from the equation H k =-φ t ; after u is found we find magnetization from (85); / pr from (89); t pr from (90), i.e. determine the total stress distribution. After the stress distribution is found as a tensor field, we get the opportunity to easily calculate the stress vector at a desired cross section from the expression '(") r =n p t pr-should be reminded, however, that fiber distribution after deformation a k (X,f) here have been given in the form of fiber distribution before deformation 04 = x k K A K (X). Besides, considering the motion equation (94), we can see the internal magneto-mechanical forces affecting the medium. Type of the terms on the right is in the dimension of force per unit of volume. The first term on the right represents force created by the elastic deformation, the second term -force created by the magnetic field gradient, the third term -mechanical body force, the fourth -pressure gradient, respectively. The fifth term can be considered as internal-stress contribution stem from dislocation stimulates. The sixth term is a force term caused by curvatures of the fiber. The seventh and ninth represent second-order magnetostatic forces; the eighth term -viscoelastic forces; the tenth and eleventh terms -forces caused by interaction of the deformation field with linear magnetic field and non-linear magnetic field respectively.
